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Abstract We introduce a new unified two-parameter {(ǫx, ǫt) |ǫx,t = ±1} wave model (simply
called Q
(n)
ǫx,ǫt model), connecting integrable local and nonlocal vector nonlinear Schro¨dinger equa-
tions. The two-parameter (ǫx, ǫt) family also brings insight into a one-to-one connection between
four points (ǫx, ǫt) (or complex numbers ǫx + iǫt) with {I,P , T ,PT } symmetries for the first time.
The Q
(n)
ǫx,ǫt model with (ǫx, ǫt) = (±1, 1) is shown to possess a Lax pair and infinite number of con-
servation laws, and to be PT symmetric. Moreover, the Hamiltonians with self-induced potentials
are shown to be PT symmetric only for Q
(n)
−1,−1 model and to be T symmetric only for Q
(n)
+1,−1
model. The multi-linear form and some self-similar solutions are also given for the Q
(n)
ǫx,ǫt model
including bright and dark solitons, periodic wave solutions, and multi-rogue wave solutions.
Keywords: two-parameter family of nonlocal vector nonlinear Schro¨dinger equations; Lax pair;
conservation laws; PT symmetry; solitons.
Introduction.—Some non-Hermitian parity-time (PT )-symmetric Hamiltonians have been found to possess en-
tirely real spectra and drawn much attention [1]. Here the parity reflection operator P : p → −p, x → −x is
linear whereas the time reflection operator T : p → −p, t → −t, i → −i is anti-linear [2]. Since p → −p is
implied in rest both P and T symmetries, thus it is unnecessary such that P and T symmetries can be simplified
as P : x → −x and T : (t, i) → (−t,−i) = −(t, i), where we cancel identical maps (t, i) → (t, i) in P and
x→ x in T . Therefore, we can rewrite a single PT -symmetric operator H(x, t) as PT H(x, t, i) = H(−x,−t,−i).
For example, H(x, t, i) = p2 + U(x, t) with U(x, t) = V (x, t) + iW (x, t) and V (x, t), W (x, t) ∈ R[x, t] is PT -
symmetric, if the necessary (but not sufficient) condition V (x, t) = V (−x,−t) and W (x, t) = −W (−x,−t) holds.
In particular, if the potential U(x, t) only depends on space x, i.e., U(x, t) = U(x) = V (x) + iW (x), then a
necessary (but not sufficient) condition for PT -symmetry is that its real and imaginary parts are even and odd
functions, respectively. For example, the Bender-Boettcher potential U(x) = x2(ix)ν [1], the Scarff II potential [3]
U(x) = v0 sech
2(x) + iw0 sech(x) tanh(x), and the Rosen-Morse potential [4] U(x) = v0 sech
2(x) + iw0 tanh(x) are
all PT symmetric, where ν, v0, w0 are real-valued parameters.
Except that some properties related to non-Hermitian PT -symmetric Hamiltonians with a wide class of potentials
have attracted much attention from the theoretical view (see [5–10]), there have had some experiments to observe
PT -symmetric phase transitions in optical couplers with AlxGa1−x [11] and Fe-doped LiNbO3 [12], respectively,
microwave billiard [13], and large-scale temporal lattices [14], microring resonators [15], a coherent perfect absorber
with PT phase transition [16]. But it still an important subject to theoretically explore new PT -symmetric
properties and PT -symmetric nonlinear waves. At the same time, it is also significant to find integrable PT -
symmetric nonlinear wave models in the study of both PT -symmetric waves and integrable systems [17].
A unified two-parameter physical model.—In this Letter, we introduce and investigate in detail a new unified
two-parameter (ǫx, ǫt) model (simply called Q(n)ǫx,ǫt model)
iQt(x, t) = −Qxx(x, t) + 2σQ(x, t)Q†(ǫxx, ǫtt)Q(x, t), (1)
connecting local and new nonlocal vector nonlinear Schro¨dinger (NLS) equations, where Q(x, t) =
(q1(x, t), q2(x, t), · · · , qn(x, t))T is a complex-valued column vector, x, t ∈ R, ǫx,t = ±1 are symmetric parame-
ters, σ = ±1 denotes the real-valued self-focusing (−) and defocusing (+) nonlinear interactions, and Q†(ǫxx, ǫtt)
denotes the transpose conjugate of Q(ǫxx, ǫtt). The Q(n)ǫx,ǫt model exhibits four distinct waves for two-parameter
family (ǫx, ǫt) ∈ {(1, 1), (−1, 1), (1,−1), (−1,−1)}. The Q(n)+1,+1 model is local and just known integrable vector
NLS equations, Q(n)+1,+1 model, including the Manakov system [18–20]. However, Q(n)ǫx,ǫt model (1) with (ǫx, ǫt) ∈
{(−1, 1), (1,−1), (−1,−1)} is new and nonlocal. We find that the self-induced potentials Q†(ǫxx, ǫtt)Q(x, t) with
(ǫx, ǫt) ∈ {(−1, 1), (1,−1), (−1,−1)} may not be real-valued functions, and differ from the real-valued function
Q†(x, t)Q(x, t) in Q(n)+1,+1 model. The quasi-power defined by Qǫx,ǫt(t) =
∫ +∞
−∞ Q
†(ǫxx, ǫtt)Q(x, t)dx is conserved
during evolution, however the total power of Eq. (1) defined by Pǫx,ǫt(t) =
∫ +∞
−∞ |Q(x, t)|2dx is not conserved
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2during evolution except that the power P+1,+1(t) is conserved during evolution since dPǫx,ǫt(t)/(dt) = −2iσ
×∫ +∞−∞dx|Q(x, t)|2[Q†(ǫxx, ǫtt)Q(x, t)−Q†(x,t)Q(ǫxx,ǫtt)]. Therefore, Eq. (1) differs from the considered NLS equa-
tion with PT -symmetric potential [5]. Eq. (1) is associated with a variational principle δL/δq∗j (ǫxx, ǫtt) = 0 (j =
1, 2, ..., n) with the Lagrangian density
L = i[Q†t(ǫxx, ǫtt)Q(x, t)−Q†(ǫxx, ǫtt)Qt(x, t)] + 2Q†x(ǫxx, ǫtt)Qx(x, t)
+4σ
∑n
i,j=1; j≥i qi(x, t)q
∗
i (ǫxx, ǫtt)qj(x, t)q
∗
j (ǫxx, ǫtt).
(2)
In what follows we investigate the Q(n)ǫx,ǫt model with (ǫx, ǫt) ∈ {(−1, 1), (1,−1), (−1,−1)} in details. Eq. (1)
with n = 1 yields the nonlocal NLS equation (Q(1)ǫx,ǫt model)
iq1,t(x, t)=−q1,xx(x, t)+2σq21(x, t)q∗1(ǫxx, ǫtt), (3)
where the star sands for complex conjugate, which with (ǫx, ǫt) = (−1, 1) reduces to the known integrable nonlocal
NLS equation presented recently in Ref. [21]. But Eq. (3) with (ǫx, ǫt) ∈ {(1,−1), (−1,−1)} are both new. Eq. (1)
with n = 2 yields new nonlocal vector NLS equations (Q(2)ǫx,ǫt model)
iqj,t(x, t)=−qj,xx(x, t) + 2σ[q1(x, t)q∗1(ǫxx, ǫtt) + q2(x, t)q∗2(ǫxx, ǫtt)]qj(x, t), (j = 1, 2) (4)
In fact, Eq. (1) with n > 1 are all new nonlocal vector NLS equations. In particular, Q(2)ǫx,ǫt model with (ǫx, ǫt) =
(1, 1) is just the well-known Manakov system [18].
Lax pair and infinite number of conservation laws.—We consider the following linear spectral problem [20]
Ψx = (−iλΣ3 + U)Ψ, (5a)
Ψt = (−2iλ2Σ3 + 2λU − iUxΣ3 − iU2Σ3)Ψ, (5b)
where Ψ = (ψ1(x, t), ψ2(x, t), ..., ψn+1(x, t))
T is a column eigenvector, λ ∈ C is a spectral parameter, the generalized
Pauli matrix Σ3 and potential matrix U are given by
Σ3 =
(
In 0
0 −1
)
, U(x, t) =
(
0n Q(x, t)
σR(x, t) 0
)
,
where In and 0n are n× n unity and zero matrixes, respectively, and R(x, t) = (r1(x, t), r2(x, t), · · · , rn(x, t)) is a
complex-valued row vector. The compatibility condition of Eqs. (5a) and (5b), Ψxt = Ψtx, leads to 2n-component
nonlinear wave equations
iQt(x, t) = −Qxx(x, t) − 2σQ(x, t)R(x, t)Q(x, t), (6a)
−iRt(x, t) = −Rxx(x, t)− 2σR(x, t)Q(x, t)R(x, t). (6b)
System (6) reduces to vector NLS equations for the symmetric reduction R(x, t) = −Q†(x, t) [20]
iQt(x, t) = −Qxx(x, t) + 2σQ(x, t)Q†(x, t)Q(x, t), (7)
which corresponds to Eq. (1) with (ǫx, ǫt) = (1, 1) including the Manakov system (n = 2) [18].
Now if we introduce a new unified two-parameter (ǫx, ǫt) symmetric reduction
R(x, t) = −Q†(ǫxx, ǫtt), (8)
with (ǫx, ǫt) = (−1, 1), then system (6) with Eq. (8) is just one type of the above-introduced new nonlocal equation
(1). Therefore, Lax pair of Eq. (1) is given by Eqs. (5a) and (5b) with new symmetric constraint (8).
We introduce n new complex functions [22] ωj(x, t) =
ψj(x,t)
ψn+1(x,t)
(j = 1, 2, ..., n) in terms of n + 1 eigenfunctions
ψj(x, t) of Eqs. (5a) and (5b) such that we find that ωj(x, t) satisfy n-component Riccati equations
ωj,x(x, t)=σωj(x, t)
n∑
s=1
q∗s (ǫxx, ǫtt)ωs(x, t) − 2iλωj(x, t)+qj(x, t), (9)
To solve Eq. (9) we here consider their asymptotic (in λ) solutions and assume their candidate solutions as power
series expansions in parameter 2iλ, with unknown functions of space and time as coefficients in the form
ωj(x, t) =
∑∞
s=0 ω
(s)
j (x, t)(2iλ)
−s−1. (10)
3Substituting it into Eq. (9) and comparing coefficients of terms (2iλ)s (s = 0, 1, 2, ...) to find
ω
(0)
j (x, t) = qj(x, t), ω
(1)
j (x, t) = −qj,x(x, t), (11)
ω
(s+1)
j (x, t)=σ
n∑
i=1
q∗i (ǫxx, ǫtt)
s−1∑
k=1
ω
(k)
j (x, t)ω
(s−k)
i (x, t)− ω(s)j,x(x, t), (s = 2, 3, ...) (12)
It follows from Eqs. (5a) and (5b) with condition (8) that (ln |ψn+1|)x= iλ−σF (x, t), (ln |ψn+1|)t=2iλ2−σG(x, t),
whose compatibility condition, (ln |ψn+1|)xt = (ln |ψn+1|)tx yields
Ft(x, t) = Gx(x, t), (13)
where G(x, t) =
∑n
j=1[2λq
∗
j (ǫxx, ǫtt) + iq
∗
j,x(ǫxx, ǫtt)]ωj(x, t) + i
∑n
j=1 qj(x, t)q
∗
j (ǫxx, ǫtt) and F (x, t) =∑n
j=1 q
∗
j (ǫxx, ǫtt)ωj(x, t).
Substituting Eq. (10) into the conversed Eq. (13) and comparing the coefficients of same terms λj yields the
infinite number of conservation laws. For example,
∂t
∑
j=1,2
qj(x, t)q
∗
j (ǫxx, ǫtt)= i∂x
∑
j=1,2
[qj(x, t)q
∗
jx(ǫxx, ǫtt) + qjx(x, t)q
∗
j (ǫxx, ǫtt)]. (14)
Thus Q(n)ǫx,ǫt model (1) is an integrable system for any parameter choice (ǫx, ǫt) = (±1, 1). Notice that the inverse
scattering method [20] can also be extended to solve Eq. (1) by means of its Lax pair (5a) and (5b) with (8), which
will be given in another literature because of the page limit. Notice that the integrability of Q(n)ǫx,ǫt model (1) with
(ǫx, ǫt) = (±1,−1) is not known.
One-to-one connection between two-parameter family and PT symmetry and applications in Q(n)ǫx,ǫt model.—We
know that two-parameter (ǫx, ǫt) family determines four distinct Q(n)ǫx,ǫt models. In the following we will show that
two-parameter (ǫx, ǫt) family is also subtly related to PT symmetry. In the Introduction, we have simplified P abd
T symmetries as P : (x, t, i) → (−x, t, i) and T : (x, t, i) → (x,−t,−i) in terms of three variables (x, t, i). Since
mappings for t and i are always same in both P and T (i.e., P : (t, i)→ (t, i) and T : (t, i)→ (−t,−i) = −(t, i)).
Thus we can introduce a ‘new’ variable τ = (t, i) such that P and T can be further simplified as P : x → −x,
(τ → τ) and T : (x→ x), τ → −τ using two variables (x, τ).
If the plane {(x, τ)} is regarded as a complex plane with x, τ being real and imaginary axes, respectively, then
four points (ǫx, ǫt) (ǫx,t = ±1) correspond to complex numbers z1 = 1+ i, z2 = −1+ i, z3 = −1− i, z4 = 1− i such
that z2 = z1e
iπ/2, z3 = z2e
iπ/2, z4 = z3e
iπ/2, z1 = z4e
iπ/2, z3 = z1e
iπ , z4 = z2e
iπ, that is to say, every number
can be obtained form another number by mπ/2 counterclockwise (m ∈ Z+) or clockwise (m ∈ Z−) rotation (see
Fig. 1), where Z+ (Z−) denotes the set of positive (negative) integers. Therefore we can perfectly establish a
one-to-one connection from symmetries (rotations) among four points {(ǫx, ǫt)|ǫx,t = ±1} in two-dimensional space
(x, τ) to {I, P , T , PT } symmetries of the operator H(x, τ), where I is an identical operator (map) (see Fig. 1).
The connection is new and simple to understand PT symmetry from the plane figure.
FIG. 1: (color online) The one-to-one connection between symmetrility among four points (ǫx, ǫt) = (±1,±1) in two-
dimensional space (x, τ ) and PT symmetry with H(ǫxx, ǫtτ ) ≡ H(ǫxx, ǫtt, ǫti). ±π/2 denote 90
◦ counterclockwise (−) and
clockwise (+) rotations, respectively.
For the PT -symmetric invariance of (1 + 1)-dimensional multi-component equations with n distinct complex
fields φj(x, t) (j = 1, 2, · · · , n) we have
PT : φj(x, t)→ φ∗n+1−j(−x,−t), (15)
4TABLE I: PT symmetribility of the Hamiltonian operators with self-induced potentials Hˆn given by Eq. (17) for different
two-parameter choices.
Case (ǫx, ǫt) P T PT
i (+1,+1) No No No
ii (−1,+1) No No No
iii (+1,−1) No Yes No
iv (−1,−1) No No Yes
where j = 1, 2, ..., (n + 1)/2 for n = 2Z+−1 and j = 1, 2, ..., n/2 for n = 2Z+. Notice that the above-mentioned
PT -symmetric operator are also extended to the (n+1)-dimensional case where x is replaced by x = (x1, x2, ..., xn).
In the following we show the PT symmetrility of Q(ǫxx, ǫtt) model. For system (1) with n = 1, acting the
PT -symmetric operator on the both side of Eq. (3) yields
iq∗1,t(−x,−t) = −q∗1,xx(−x,−t) + 2σq∗21 (−x,−t)q1(−ǫxx,−ǫtt), (16)
which is equivalent to Eq. (3) since we know the PT relation q1(x, t) = q∗1(−x,−t) and the deduced relation
q1(−ǫxx,−ǫxt) = q∗1(ǫxx, ǫtt). This implies that Eq. (3) is PT symmetric for any parameter choice. which is
different from the invariance of the right-side operator of Eq. (3) with self-induced potential−∂2x+2σq1(x, t)q∗1(−x, t)
under the usual sense of PT symmetry {x→ −x, i→ −i} [1]. Similarly, we can also show that new integrable local
and nonlocal Q(n)ǫx,ǫt model (1) is PT symmetric for any integer n and two-parameter choice (ǫx, ǫt) = (±1,±1).
Eq. (1) can be rewritten as iQt(x, t) = Hˆn(ǫxx, ǫtt)Q(x, t), where the Hamiltonian operator Hˆn with self-induced
potential [23] is of the form
Hˆn(ǫxx, ǫtt) = −∂2x + 2σQ†(ǫxx, ǫtt)Q(x, t), (17)
Now we consider the PT symmetribility of Hamiltonian operators Hˆn using relations in Fig. 1 (see Table I). This
indicates that only operator Hˆn(ǫxx, ǫtt) is T symmetric for (ǫx, ǫt) = (1,−1) and only operator Hˆn(ǫxx, ǫtt) is
PT symmetric for (ǫx, ǫt) = (−1,−1). Notice that these terms including ‘No’ in Table I do not imply that those
symmetries must not hold. They may admit some symmetries for some special potential Q(x, t).
Multi-linear and self-similar reductions.—For the given equation (1), if we can seek for some self-similar trans-
formations reducing it to ones solved easily, then its solutions may be found. Here we have two special reductions,
i) if qj(ǫxx, ǫtt) = qj(x, t), then Eq. (1) reduce to Eq. (7) whose solutions are known; ii) if qj(ǫxx, ǫtt) = −qj(x, t),
then Eq. (1) reduce to Eq. (7) with σ replaced by −σ whose solutions are known. For example, if the solutions
of Eq. (7) are even functions for space, then solutions of local Eq. (7) are also ones of Eq. (3). Now we consider
rational transformations of Eq. (1)
qj(x, t) =
gj(x, t)
f(x, t)
, f(x, t), gj(x, t) ∈ C[x, t] (18)
where f(x, t), gj(x, t) ∈ C[x, t], which differ from the usual ones [24] such that we have multi-linear equations
Bilinear eq. : (iDt +D
2
x − µ)gj(x, t) · f(x, t) = 0,
Trilinear eq. : f∗(ǫxx, ǫtt)(D2x − µ)f(x, t) · f(x, t) = −2σf(x, t)G†(ǫxx, ǫtt)G(x, t),
(19)
where µ ∈ C, G(x, t) = (g1(x, t), g2(x, t), ..., gn(x, t))T and G†(ǫxx, ǫtt) is the transpose conjugate ofG(ǫxx, ǫtt), Dt
andDx are both Hirota’s bilinear operators defined by [24]D
m
t D
n
xf ·g = (∂t−∂t′)m(∂x−∂x′)n[f(x, t)g(x, t)]|x=x′,t=t′ .
For the case (ǫx, ǫt) = (1, 1), we know that G
†(ǫxx, ǫtt)G(x, t) is real-valuable function such that we can assume
f(x, t) ∈ R[x, t] from Eq. (19), which leads to f∗(ǫxx, ǫtt) = f(x, t), in which Eq. (19) becomes a bilinear equa-
tion [24]. Multi-wave solutions of Eq. (1) can be found in terms of Eqs. (18)-(19) and series expansions of gj(x, t)
and f(x, t). Here we give one-soliton solution of Eq. (1) with n = 1
q1(x, t) =
(ǫxk
∗ + k)2ekx+ik
2t
(ǫxk∗ + k)2 − σe(ǫxk∗+k)x+i(k2−ǫtk∗2)t ,
(20)
where k ∈ C, ǫxk∗ + k 6= 0, and k∗ is a complex conjugate of k.
Now we apply the direct reduction method [25] to consider the self-similar solution of Eq. (1)
qj(x, t) =
p1(z)√
2t
eiµj log |t|/2, z(x, t) = x/
√
2t, (21)
5where µj ∈ R, pj(z) ∈ C[z], (j = 1, 2, ..., n), and x, t ∈ R, which differs from one used in [21] where t > 0 is
required. Thus we have the equation satisfied by pj(z)
pj,zz−(i+ µj)pj(z)−izpj,z(z)−2σ√ǫtpj(z)
n∑
j=1
pj(z)p
∗
j(zˆ)=0, (22)
via the substitution of Eq. (21) into Eq. (1), where zˆ = ǫxx/
√
2ǫtt. Notice that i) when (ǫx, ǫt) = (1, 1), we have
zˆ = z and p∗j (zˆ) = p
∗
j (z) such that the self-similar reduction becomes the usual result; ii) when (ǫx, ǫt) = (−1, 1), we
have zˆ = −z and p∗j (zˆ) = p∗j (−z) such that the self-similar reduction given by Eq. (21) and (22) with j = 1, t > 0
becomes the result [21] (notice that i should be −i in Eq. (30) of Ref. [21]); iii) when (ǫx, ǫt) = (1,−1), (−1,−1),
the self-similar reduction of Eq. (1) given by Eqs. (21) and (22) are new.
Similarly, we consider another self-similar solution of separating variables qj(x, t) = pj(x)e
ωj
√−ǫtt, (j = 1, 2, ..., n)
where ωj ∈ R, pj(x) ∈ C[x], and x, t ∈ R. The substitution of this transformation into Eq. (1) yields
pj,xx(x)− 2σp2j(x)p∗j (ǫxx) + iωj
√−ǫtpj(x) = 0. (23)
When (ǫx, ǫt) = (−1, 1), (1, 1), we can assume pj(x) ∈ R[x], in which our result reduces to the know one [21].
Whereas (ǫx, ǫt) = (1,−1), (−1,−1), we may not assume pj(x) ∈ R[x] from Eq. (23) and it should be a com-
plex function. Other similar solutions of Eq. (1) may be found using Lie classical and non-classical symmetric
methods [26].
Exact soliton solutions.—Some singular (breather) solutions of focusing (σ < 0) Eq. (3) had been found using
the inverse scattering method [21]. In the following we present its some regular soliton solutions.
i) double-periodic and soliton solutions: Similarly, we have the double-periodic wave solutions of Eq. (3) with
the focusing interaction σ < 0
q1cn(x, t) = mk/
√−σ cn(kx,m)ei(2m2−1)k2t,
q1dn(x, t) = k/
√−σ dn(kx,m)ei(2−m2)k2t,
q1sn(x, t) = mk/
√−σ sn(kx,m)e−i(1+m2)k2t,
q1scd(x, t) =
amkcn(kx,m)+Msn(kx,m)
mk+
√
m2k2+4σa2dn(kx,m)
ei(m
2−2)k2/2t,
(24)
where M = imk/2
√
4a2(1−m2)−m4k2/σ, m ∈ (0, 1) is the modulus of Jacobi elliptic functions, k, a are real
parameters. In particular, for m → 1, we know that q1cn(x, t) and q1dn(x, t) both reduce to the bright soliton
q1b(x, t) = k/
√−σ sech(kx)eik2t [9], q1sn(x, t) reduces to the dark soliton q1d(x, t) = k/
√−σ tanh(kx)e−2ik2t [9],
and q1scd(x, t) reduces to the new combination solution of q1d(x, t) and q1b(x, t)
q1bd(x, t)=
2aksech(kx)+ik2/
√−σ tanh(kx)
2k+2
√
k2 + 4σa2sech(kx)
e−
ik2t
2 , (25)
where a, k are constants.
We have q1b(x, t) = q
∗
1b(−x,−t), but q1b(x, t) 6≡ q∗1b(−x, t) except for the trivial case k = 0. Thus the bright
soliton is generalized PT -symmetric. We know q1d(x, t) = −q∗1d(−x,−t), but q1d(x, t) 6≡ q∗1d(−x, t) except for the
trivial case k = 0. Thus the dark soliton is not PT -symmetric. For a 6= 0, k > 2√−σa2 and a = 0, q1bd(x, t) is a
dark soliton, but for a 6= 0, k < −√k2 − 4σa2, q1bd(x, t) is a bright soliton. For a 6= 0, q1bd is an neither even nor
odd function for space x. For a = 0, q1bd is an odd function for space x. We have q1bd(x, t) = q
∗
1bd(−x,−t), but
q1bd(x, t) 6≡ q∗1bd(−x, t) except for the trivial case k = 0. These double-periodic wave solutions also have similar
PT -symmetric properties.
ii) multi-rogue wave solutions: We find that the multi-rogue wave solutions of the focusing NLS equation are
both even for space (or under some transformations) [27]. Thus we have multi-rogue wave solutions of Eq. (3) with
σ < 0 in terms of ones of the focusing NLS equation. For example, the first-order rogue wave (rogon) solution of
Eq. (3) with σ < 0 is q1rw(x, t) =
[
1− 4(1+4it)1+4x2+16t2
]
e2it.
Conclusion and discussion.—We have first introduced a unified two-parameter model from a new and simple two-
parameter symmetric reduction of vector NLS system. The two-parameter model just connects one local and three
nonlocal vector NLS equations. It is shown to possess a Lax pair and infinite number of conservation laws and to
be PT symmetric. We also give its multi-linear form and some self-similar solutions as well as some explicitly exact
regular solutions including bright and dark solitons, double-periodic wave solutions and multi-rogue wave solutions.
Moreover, we also establish a one-to-one connection between a one-to-one connections between symmetribility of
four points {(ǫx, ǫt)|ǫx,t = ±1} and {I,P , T ,PT } symmetries. The Q(n)ǫx,ǫt model related to vector NLS equations
will provide more novel integrable models in integrable systems. In fact, the used two-parameter family can also be
6extended to the higher-dimensional [28] and discrete systems [20, 29]. For example, a unified new two-parameter
discrete PT -symmetric vector model is generated
iPn,t(t) = −Pm+1(t) + 2Pm(t)−Pm−1(t) + σ
∑
j=1,2 Pm+2−j(t)P
†
ǫxm(ǫtt)Pm+1−j(t) (26)
with m ∈ Z, Pm(t) = (p1,m(t), p2,m(t), ..., pn,m(t))T and P†ǫxm(ǫtt) being the transpose conjugate of Pǫxm(ǫtt),
which is regarded as an integrable discretization of Eq. (1).
We know that the introduced two-parameter family (ǫx, ǫt) plays a central role in the study of both new integrable
models and PT symmetry. In fact, we may consider more general two-parameter family as (ǫx, ǫt) with ǫx,t =
±1,±i, (i = √−1), thus we have sixteen possible two-parameter choices, i.e., (ǫx, ǫt) ∈ {(1, 1), (−1, 1), (−1,−1),
(−1, 1), (i, 1), (−i, 1), (−i,−1), (i,−1), (1, i), (−1, i), (−1,−i), (1,−i), (i, i), (−i, i), (−i,−i), (i,−i)}, in which
the first four components have been considered in Eq. (1). For other twelve families of two-parameter choices, the
PT symmetry may not be powerful and will be enlarged and the Q(n)ǫx,ǫt model may exhibit different integrability
and wave structures. These will be studied in another literature.
Acknowledgments
The author would like to thank for the referees for their valuable suggestions. This work was partially supported
by the NSFC under Grant No.61178091 and the NKBRPC under Grant No. 2011CB302400.
References
[1] C. M. Bender and S. Boettcher, Phys. Rev. Lett. 80, 5243 (1998).
[2] C. M. Bender, Rep. Prog. Phys. 70, 947 (2007); A. Mostafazadeh, J. Math. Phys. 43, 3944 (2002).
[3] Z. Ahmed, Phys. Lett. A 282, 343 (2001).
[4] M. Znoji, J. Phys. A 33, L61 (2000).
[5] Z. H. Musslimani et al., Phys. Rev. Lett. 100, 030402 (2008); K. G. Makris et al., Phys. Rev. Lett. 100, 103904 (2008);
S. Klaiman et al., Phys. Rev. Lett. 101, 080402 (2008); Z. Y. Yan et al., arXiv:1009.4023; Z. Y. Yan, Phil. Trans. R.
Soc. A 371, 20120059 (2013); Y. Lumer et al., Phys. Rev. Lett. 111, 263901 (2013); V. E. Lobanov et al., Phys. Rev.
Lett. 112, 180403 (2014).
[6] T. Gericke et al., Nature Phys. 4, 949 (2008); V. A. Brazhnyi et al., Phys. Rev. Lett. 102, 144101 (2009).
[7] S. Longhi, Phys. Rev. Lett. 103, 123601 (2009); Y. D. Chong et al., Phys. Rev. Lett. 105, 053901 (2010); H. Jing et
al., Phys. Rev. Lett. 113, 053604 (2014); R. Fortanier et al., Phys. Rev. A 89, 063608 (2014).
[8] R. El-Ganainy et al., Opt. Lett. 32, 2632 (2007); K. Li and P. G. Kevrekidis, Phys. Rev. E 83, 066608 (2011); D. A.
Zezyulin and V. V. Konotop, Phys. Rev. Lett. 108, 213906 (2012); Yu. V. Bludov, V. V. Konotop, and B. A. Malomed,
Phys. Rev. A 87, 013816 (2013); N. Lazarides and G. P. Tsironis, Phys. Rev. Lett. 110, 053901 (2013).
[9] A. K. Sarma et al., Phys. Rev. A 89, 052918 (2014).
[10] B. Midya and R. Roychoudhury, Phys. Rev. A 87, 045803 (2013); A. S. Rodrigues et al. Rom. Rep. Phys. 65, 5 (2013);
R. Li, P. Li, and L. Li, Proc. Romanian Acad. A 14, 121 (2013); J. Xie et al., Opt. Commun. 313, 139 (2014); H. Wang
et al., Opt. Commun. 335, 146 (2015);
[11] A. Guo et al., Phys. Rev. Lett. 103, 093902 (2009).
[12] C. E. Ruter et al., Nat. Phys. 6, 192 (2010).
[13] S. Bittner et al., Phys. Rev. Lett. 108, 024101 (2012).
[14] A. Regensburger et al., Nature (London) 488, 167 (2012); A. Regensburger et al., Phys. Rev. Lett. 110, 223902 (2013).
[15] H. Hodaei et al., Science 346, 975 (2014); B. Peng et al., Nat. Phys. 10, 394 (2014).
[16] Y. Sun et al., Phys. Rev. Lett. 112, 143903 (2014).
[17] M. J. Ablowitz and P. A. Clarkson, Solitons, Nonlinear Evolution Equations and Inverse Scattering (Cambridge Uni-
versity Press, Cambridge, 1991).
[18] S. V. Manakov, Sov. Phys.-JETP 38, 248 (1974).
[19] V. E. Zakharov and A. B. Shabat, Funct. Anal. Appl. 8, 226 (1974); P. P. Kulish and E. K. Sklyanin, Phys. Lett. A
84, 349 (1981).
[20] M. J. Ablowitz, B. Prinari, and A. D. Trubatch, Discrete and Continuous Nonlinear Schro¨dinger Systems (Cambridge
University Press, Cambridge, 2004).
[21] M. J. Ablowitz and Z. H. Musslimani, Phys. Rev. Lett. 110, 064105 (2013).
[22] M. Wadati, H. Sanuki, and K. Konno, Prog. Thero. Phys. 53, 419 (1975).
[23] M. Mitchell et al., Phys. Tev. Lett. 79, 4990 (1997).
[24] R. Hirota, The Direct Method in Soliton Theory (Cambridge University Press, Cambridge, 2004).
[25] P. A. Clarkson and M. D. Kruskal, J. Math. Phys. 30, 2201 (1989).
[26] G. W. Bluman and S. Kumei, Symmetries and Differential Equations (Springer, New York, 1989).
[27] D. H. Peregrine, J. Aust. Math. Soc. Ser. B, Appl. Math. 25, 16 (1983); N. Akhmediew et al., Phys. Rev. E 80, 026601
(2009); Z. Y. Yan, Commun. Theor. Phys. 54, 947 (2010); Y. Ohta and J. Yang, Proc. Roy. Soc. A. 468, 1716 (2012).
[28] B. A. Malomed, et al., J. Opt. B 7, R53 (2005); Z. Y. Yan and V. V. Konotop, Phys. Rev. E 80, 036607 (2009); Y. V.
Kartashov et al., Rev. Mod. Phys. 83, 247 (2011); D. Mihalache, Rom. J. Phys. 59, 295 (2014).
[29] M. J. Ablowitz and J. F. Ladik, J. Math. Phys. 16, 598 (1975); M. J. Ablowitz and Z. H. Musslimani, Phys. Rev. E
90, 032912 (2014).
